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Many non-Abelian finite simple groups contain an involution z such that 
F*(C(z)) is an extraspecial 2-group. Timmesfeld [14] almost completely deter- 
mines all non-Abelian finite simple groups with the above property. The 
purpose of these papers is to eliminate some parts of case (iv) of [14]. More 
precisely we prove the following 
THEOREM. Let G be a non-i2belian finite simple group and z an involution 
in G such that 
(i) F*(C(z)) is an extraspecial 2-group of width 10; 
(ii) C(z)/F*(C(z)) is isomorphic with U,(2). 
Then G is isomorphic with “E,(2). 
1. DEFINITIONS AND SOME KNOWN RESULTS 
LEMMA. Let Q be an extraspecial 2-group and let R be a group of odd order 
acting on Q. Then Q is the central product of [Q, R] and Co(R) where both groups 
[Q, R] and Co(R) are extraspecial 2-groups or trivial. 
LEMMA [4]. Let G be a finite simple group possessing an involution z such 
that F*(Co(.z)) is extraspecial of width n 3 3. If C(z) does not act irreducibly on 
F*(C(z))/(z>, then G is isomorphic with one of the following groups: L,+,(2), 
M24 , or He. 
LEMMA [ 11. Let G be a finite simple group possessing an involution z such that 
F*(C(z)) is extraspecial of width n 3 3 and such that zG A F*(C(z)) = (z}. Then 
G is isomorphic with U,, e(2) OY .2. 
The group U,(2) contains 3 conjugacy classes of involutions and 3 conjugacy 
classes of elements of order 3; e.g., see [9, lo]. 
452 
0021-8693/78/0532-0452$02.00/O 
Copyright ((0 1978 by Academic Press, Inc. 
All rights of reproduction in any form resxved. 
FINITE SIMPLE GROuPS 453 
DEFINITION. Let i be an involution in M - Q. We say that i is of the 1st type 
if iQ corresponds with a 2-central involution of U,(2); 
i is of the 2nd type if i C,,,(iQ)] = 2l* . 3‘$ 
i is of the 3rd type if 1 C,!JiQ)l = 212 * 32. 
Let o be an element of order 3 of M. We say that 
u is of the 1st type if / CM,o(aQ)i = 26 . 36; 
u is of the 2nd type if I Cfi,,o(aQ)I = 26 * 35 . 5; 
u is of the 3rd type if j C,M,o(aQ)j = 23 . 3”. 
LEMMA. Let G be a finite group possessing an involution z such that F*(C(x)) 
is an extraspecial group of width n > 3. If z N a E F*(C(z)), then x EF*(C(U)) 
and N((x, a>)/C((x, a>) s 23 . 
DEFINITION. We call a group X isomorphic with ex.sp.(22”+1) if X is an 
extraspecial 2-group of width n. 
2. ON THE STRUCTURE OF C(x) 
Throughout this chapter we assume that a is an involution in F*(C(z)) - {z> 
which is conjugate with z in G. Furthermore, according to [14] we set M = C(z), 
Q = O,(M), Q)a = O,(C,(a)), L = Q . (M n QJ, and z = L/Q. Then by the 
results of [14] we have the following 
LEMMA 1. (i) No element of L# acts as an involution of type a2 on Q/(z). 
(ii> %dQ = (4 M+. 
(iii) Q n Qa is an elementary Abelian group of order 211. 
(iv) L is an elementary Abelian group of order 2g. 
(v) M controls the fusion of involutions in Q - (2). 
LEMnu 2. The group C,,(a)/Co(a) is isomorphic with a split extension of an 
elementary Abelian group E of order 2g with F g L,(4) and so a has 2 + 891 
M-conjugates in Q. 
Proof. Consider the subgroup E . F of U,(2). Then clearly E . F contains 
an S,-subgroup of U,(2). Let l? be an elementary Abelian subgroup of order 2Q 
of E . F different from E. Since F contains only 1 class of involutions and since 
elements of order 5 of F only centralize a subgroup of order 2 in E and are 
inverted by an involution in F, we see that an involution of F centralizes exactly 
a subgroup of order 25 of E. As the 2-rank ofL,(4) is 4 we thus get 1 E n i? j = 25. 
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Let S be an Sa-subgroup of E . F. Then j S : EE / = 4, and so applying the 
Jordan canonical form we see 1 Z(S)/ 3 4 contradicting the structure of U,(2). 
Thus U,(2) contains exactly one class of elementary Abelian subgroups of 
order 2s with representative E. An easy application of SyIow’s theorem now 
shows that E . F is a maximal subgroup of U,(2). This together with Lemma l(ii) 
finally proves the lemma. 
COROLLARY. The elementary Abelian subgroups of U,(2) of order 2s cotitain 
conjugates of all 3 conjugacy classes of involutions (see [9]), and so it follows easily 
that every involutionary coset of M/Q also contains involutions of ill. 
LEMMA 3. (i) Let p be an element of order 7 in M. The-n [Q, p] is the central 
product of 9 dihedral groups of order 8, while C,(p) is isomorphic with a dihedral 
group of order 8. 
(ii) Let o3 denote an element of order 3 of the 3rd type in M. Then [Q, us] 
is isomorphic with the central product of 6 quateknz groups of order 8, while 
Co(uJ is isomorphic with the central product of 4 quaternion groups of order 8. 
Proof. (i) follows directly from the fact that we may choose p E C(a) and 
so a - .a in C(p). 
(ii) follows from the fact that we may choose us so that (p, us) is a Frobenius 
group of order 21. 
LEMMA 4. Let w be an element of order 5 of M. Then [Q, w] is isomorphic 
with the central product of 8 quaternion groups of order 8, while Co(w) z QS * Q* . 
Proof. The group Q n QJ(a, z) is acted upon faithfully by C,(a)/O,(C,(a)) g 
L,(4). We may choose w E C,(a) and so ) CQnQ,I<a,zj(~)] E (2,25}. Assume 25; 
then Cona, is elementary Abelian of order 27 and so Co(w) contains 
an extraspecial group of width 6 and (+)-type. Conversely, we have 
1 [M n QZa , w] 1 > 212 and so the width of [Q, w is at least 6. This contradiction ] 
shows that / Cono,l(a,aj(~)J = 2 and so [Q, w] contains elementary Abelian 
subgroups of order 12~ and Co(w) contains eIementary Abelian subgroups of 
order 8, which proves the lemma. 
LEMMA 5. Let x be an element of ordm 11 in M. Then x acts jixed-point 
freely on Q](z>. 
Proof. Assume [x, Q] $ Q; th en [x, Q] is isomorphic with the central 
product of 5 quaternion groups of order 8. Furthermore we have Ctzol(w) s Qs 
where (x, w) is isomorphic with a Frobenius group of order 55. Similarly we 
have that w acts fixed-point freely on the isotropic vectors in Co,,,,(x). Let i 
be an isotropic vector m Colcz) (x), then C,,,,,(i) has a normal 11-complement 
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and by a Frattini argument we see that j C,(;)/ is a (2, 5, 7}l-group and so i has 
more than 2r5 * 5 .7 conjugates in Q/(x). This contradiction proves the lemma. 
LEMMA 6. Let i be an involution of the 3rd type of M. Then Co(i) is elementary 
Abelian of order 21° and so all involutions in iQ are conjugate with i. 
Proof. The group C,(a) does not contain a Frobenius group of order 7 . 6. 
As i inverts an element p of order 7 in M, we see that i induces an outer auto- 
morphism on Co(p) so clearly the lemma follows. 
COROLLARY. If an element p of order 7 of M centralizes an involution 
b E Q - {z}, then b N a in M. 
LEMMA 7. Let w be as in Lemma 4. Then Co(w) is isomorphic with a direct 
product of(w) with A, or A,. 
Proof. We have C,(w)/C,(w) g Zs x Z; and C,(w) z Qs * Qs . Let (~a be 
an element of order 3 in C,(w). Th u u2 is of the 2nd type in M. As C,,,,(a) s 
does not contain elements of order 15, we see that ua acts faithfully on Co(w) 
and so CI~ acts fixed-point freely on the 18 involutions in Co(w) - (z}. Acting 
with the 4-group (a, z) on O(C(w)) we see that O(C(w)) = (w) holds and so 
a minimal normal subgroup ‘9I of C(w)/{ w is either a direct product of non- ) 
Abelian finite simple groups or an elementary Abelian 2-group and clearly 
z is contained in % in both cases. As M acts irreducibly on Q/(z), we see that 
there are M-conjugates of a in Q - Co(a). So let b E Q - Co(a) with 6 N z 
in G and by Lemmas 3 and 6; we may assume that C(b) n C,(a) contains 
elements of order 7. Assume C(b) n O,(C,(a)) G Q. Thus by Lemma 1 and 
because of the element of order 7 we get that (C(b) n O,(C,(a))) * Q/Q has 
order 23 or 2’j. So C(b) n C,(a) is not divisible by 5 and so comparing with 
the list of maximal subgroups of L,(4) we get that Q - Co(a) contains at least 
2 * 23 . 22 . 3 . 5 = 1920 M-conjugates of a contradicting Lemma 2. Thus we 
have C(b) n O,(C,(a)) C Q and again by Lemma 2 we see that all 1024 conju- 
gates of a in Q - Co(a) are conjugate under the action of C,,(a) and so we 
have (C(b) n C,(a)) * Q/Q gg L,(4). S’ mce C,(w) controls the fusion of the 
conjugates of x in C,(w), a minimal normal subgroup ‘9I of C(w)/(w) is not 
elementary Abelian. Assume that Co(w) contains an S,-subgroup S of $I. By 
the above we have that S is non-Abelian and contains at least 6 involutions. 
Thus 1 S / = 16 and either S c D, x Z, or S = D, * Z, which groups cannot 
be S,-subgroups of a simple group. Hence S z& Co(w) and so c2 E % and 
either C,(w) 2 S or S n C,(w) = Qs * Z, . The simple groups with Sa-sub- 
groups T of order 25 have the property T g E32 or D,, or SD,, or Z, z Z, . 
This shows 1 S 1 = 26 and C c(w),~w,(z) is isomorphic with a central product of 
2 quaternion groups of order 8 extended faithfully by ,Y3 . The results of [7] 
thus yield % s A,, A,, or M,, . The last case, however, is not possible since 
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then the conjugates of z in C,(w) should generate an elementary Abelian 
group of order 8, but we have already shown that C,(w) - Co(a) contains 
conjugates of z. Thus the proof of the lemma is complete. 
A direct consequence of the structure of the groups A, and R, is the following 
COROLLARY. (i) The set Q -- (z} contains precisely 2 M-conjugacy classes 
of involutions with representatives say a and x such that C,(a) and C,(x) are 
centralized by an element w of order 5 of M. By Lemma 1 we clearly have a + .V 
in G. 
(ii) Let i be an involution in C,(w) - C,(w). Then i N z or i b s and 
[C,(w), i] = Co(w) n C(i) is elementary Abelian of order 8. 
Notation. Set X = O,(Y), where Y is a subgroup of i%Z containing Q such 
that Y/Q is isomorphic with the centralizer of a 2-central involution in U,(2). 
Thus Y/Q is a splitting extension of an extraspecial group of width 4 and 
(+)-type with U,(2). 
LEMMA 8. (i) Let i be an involution as in the preceding corollary. Then Co(i) 
is isomorphic with a direct product of an extraspecialgroup of order 2g and type (+) 
with an elementary Abelian group of order 26. 
(ii) Z,(X) -_ Z(C,(i)) is an elementary Abelian group of order 2’ acted 
faithfully upon by Y/X. 
Proof. Let i be as in the preceding corollary. Since. i acts as an involution 
of type a, on C,(W), we see by Lemma 1 that i acts nontrivially on [Q, w]/(z) 
and thus we have I[Q, w] f~ C(i)[ E {2s, 213}. H ence we have that C,(i) is either 
elementary Abelian of order 211 or a direct product of an extraspecial group of 
order 29 and type (f) with an elementary Abelian group of order 26. Now 
consider group Z,(X), which contains without loss of generality the involution a 
and so Ud(2) acts faithfully on Z,(X). The structure of U,(2) thus yields 
/ Z,(X)l > 27 and we have Za(X) C Co(i). A ssume now that Co(i) is elementary 
Abelian of order 2lr. If ! Z,(X)1 > 2’, we then have 1 Za(X) n Q n Q, ! > 2’ 
and as C,(a) n X is an elementary Abelian group of order 32, we thus get 
a contradiction with Lemma I(ii). So / Z,(X)] = 2’ and thus U,(2) acts trivially 
on C,(i)/Z,(X), contradicting the second part of the previous corollary. Thus 
we have shown (i) of the lemma. Furthermore we have that Y/X acts irreducibly 
on Z(C,(i))/(z) and on C,(i)/Z(C,(i)). H ence it follows that either Z,(X) = 
Z(C,(;)) or Z,(X) = Co(;). Let j be an involution in M - Q of the 2nd type 
of M. Then j inverts an element of order 5 of M and so 1 Co($I < 213. This 
together with the fact that ail involutions of X/Q not lying in 2(X/Q) are of 
the 2nd type finally completes the proof of the lemma. 
LEMMA 9. Let x be as in the corollary to Lemma 7. Then C,(x)/Co(x) is 
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isomorphic zoith an extraspecial group of width 4 and (+)-type extended faithfully 
by Z:, , and so x has precisely 2 . 22 . 3” 7 11 m: 2 . 24, 948 conjugates in Q. 
Proof. In Lemma 8 we have shown that every involution in Q which is 
centralized by an element of order 10 of M/Q is conjugate to an element in 
Z(Co(i)). The results of Lemma 7 together with the structure of A, and A, 
now yield that Z(C,(i)) contains conjugates of x and, since i C,(x)jCo(x)j < 2l”, 
we conclude that the conjugates of 5: in the 6-dimensional irreducible UJ(2)- 
module Z(C,(i))/(s) correspond to anisotropic vectors and so we have 
C,(.z)/C,(.~) is isomorphic with an extraspecial group of width 4 and (+)-type 
extended faithfully by ZG. Moreover we have that C,(x) contains an Sa-sub- 
group of C,,,(s) and then Sylow theorems together with the structure of U,(2) 
finally proves the lemma. 
LEMMA 10. The set (Qa n M) - (Q(, n Q) contains exactly 672 conjugates 
of z. They all lie in the 21 cosets of Q)a n M/Q n Qn corresponding to 2-central 
involutions of Ue(2) and each such coset contains precisely 32 conjugates of z. 
Proof. The group C,,(a)/G,(C,(a)) ~&(4) acts irreducibly on Q n QJ(z, a). 
It is well known that L,(4) induces 3 nontrivial orbits on Q n QJ(z, a) of 
lengths 21, 280, and 210, respectively. Let b E Q n Qn such that b(a, a> belongs 
to the orbit with 21 members. Then 1 C(b) n C,(a)\ = 220 . 2” 1 24 . 1 A, / = 
234 . 3 . 5 and so by the order of the &-subgroup we conclude b N a in M. 
As Q contains precisely 1783 G-conjugates of z and as there are already 1024 
of them in Q - Co(a) we thus get that Q n Qa contains 21 ‘4 -+ 2 + 1 == 87 
conjugates of z. Thus we have that (Qa n M) - (Q, n Q) contains precisely 
672 conjugates of z. The rest of the lemma now follows easily by a direct order 
argument. 
LEMMA 11. Let o1 , g2 , and o3 be elements of order 3 of M of the lst, 2nd, 
and 3rd type, respectively. Then u1 , (TV , and o3 lie in 3 distinct conjugacy classes 
of G. We have C,(U,) s Qs and Co(02) E C,(O,) is a central product of 4 quater- 
nion groups of order 8. 
Proof. Let Y and X be as in Lemma 8. Then the structure of U,(2) yields 
that I’ contains conjugates of (Jo, (me, and (TV. Consider now the representation 
of Y/,X= U4(2) on Co(Z(X/Q)) = E,, x ex.sp.(2$) which group involves a 
6- and an 8-dimensional irreducible representation of U,(2). Thus we see that 
[Q, ui] contains a direct product of an elementary Abelian group of order 26 
with an extraspecial group of order 2’ and type (-) and that Co(a,) contains 
a quaternion group of order 8. This proves Co(uJ E Qs . The corresponding 
results for ue and o3 have already been proved in Lemmas 7 and 3, respectively. 
We now want to show that (pi + o2 + u3 + o1 holds in G. An &-subgroup S, 
of C,,,(a,) has order 2$ where S,/C,((T,) = Q, x Qs , an &-subgroup S, of 
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CM(a,) has order 215 where CM(u,)/Co(~J(~,) E U,(2), and an &-subgroup Sa 
of CM(ua) has order 212 where S,/Co(ua) g E, . We have ul(S,) n Z(S,) = (z) 
and so we see that S, is an S,-subgroup of C(aJ, which proves u2 + ~a in G. 
Next assume q N ua or ur N a, . Then S, is not an &-subgroup of C(U,) and 
S, or S, contains an involution t such that Cs,(t) or Cs,(t) is isomorphic with S, 
and so in either case S, must contain an elementary Abelian group of order 25 
which however is not the case. So the lemma is shown. 
LEMMA 12. (i) Let i be an involution as in Lemma 8(i). Then iQ contains 
precisely 3 G-classes of involutions. The coset i[Q, i] has order 27 and contains 2 of 
these M-classes both of which consist of 64 elements with representatives i and ix. 
Replacing i by iz if necessary we may assume i N x and ix - x. 
(ii) Let u2 be as in Lemma 11; then CG(~2)/(~2> g U,(2). 
Proof. In Lemma 8(i) we have shown Co(i) = Es4 x ex.sp.(2s) and 
CM,o(iQ)/O,(CM,o(iQ)) s U,(2) acts transitively on the isotropic points of 
WWWN~ Th us we easily get that iQ contains exactly 3 M-classes of 
involutions of sizes 64, 64, and 2’ . 135. Without loss of generality we may 
choose i E Qa n M such that i is centralized by an element w of order 5 of 
C,(a). By what was shown in Lemma 10 we have that all involutions in Co nQ(~) 
are conjugate with z in G and so by the structure of A, and A, the” coset 
i.C oano(w) contains conjugates of x and x. Thus applying Lemma 2 we 
easily see that iQ contains precisely 64 conjugates of x lying in the coset i . [Q, i], 
which has order 2’. Furthermore we have that iQ contains either 64 or 
64 + 27 . 135 conjugates of x. From N((a, z))/C((a, x)) e Za we conclude 
that Q n C(a) is conjugate with Qa n M. By [l] we can find an involution 
x N 5 E Q - Co(a). Thus Cono,(G ) 1~ covers the factor group Q n Q,/(a, x} 
and so for every element f E (Qn n M) - (Q n Q,) we can find an element 
f’ E Co,o,(x) such that [f, f ‘1 = a. h -ow assume [a, f] = 1; then 1 = [x, f] t’ = 
[x, fa] = [x, a] = z. This contradiction together with the structure ot L,(4) 
and Lemma 9 shows that Q - Co(a) contains precisely 2 . 2s . 3 . 7 = 2 . 10,752 
conjugates of x. Next assume that iQ contains 64 + 2r . 135 conjugates of x. 
So by Lemma 10 the coset i(Q n QJ contains precisely 21 . (1024 - 32) = 
2 . 10,416 conjugates of x. By Lemmas 6 and 9 we see that ifj is an involution 
in (M n Qa) - (Q n QJ such that jQ is of the 3rd type, then jQ does not 
contain conjugates of x. So there is an involution t E (M n QJ - (Q n QJ 
such that tQ is of the 2nd type and t N x in G. An easy application of the 
Frattini argument shows that t inverts an element of order 5 in M and so by 
Lemma 4 we have j C,(t)1 < 213 and I[Q, t]] > 2s. As [C,(a), t] C Q n Qa we 
see that t(Q n Qa) contains at least 27 conjugates of t. Thus QZa n M contains 
another 2 . 26 .210 conjugates of x, which however is not possible since we 
only have 2 .24,948 conjugates of x in Q. This proves the first part of the 
lemma. Consider now the group C(u2)/(oz). By the structure of M we see 
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that this group contains an involution such that its centralizer is an extraspecial 
group of order 29 and (+)-type extended irreducibly by U,(2). Thus by [9] we 
conclude that either C(az)/(az) s UJ2) or C(a,) = O(C(us)) . CM(u.J. But the 
latter case is not possible since by Lemma 11 we have that C(u,) controls the 
fusion of the G-conjugates of z and we have just seen that iQ contains 64 conju- 
gates of x which means that at least one of them is centralized by an element 
of order 3 of the 2nd type. Thus the lemma is shown. 
LEMMA 13. All involutions y in Q - {.z} such that a + y + x are conjugate 
in M. Furthermore we have that C,( y)/C,( y) is a faithful extension of an elementary 
Abelian group of order 28 with U,(2) which group has order 23 . 32. 
Proof. Again consider the group C’,(a). Then C,(a)/O,(C,(a)) s L,(4) 
acts irreducibly on Q n Q,/( a, z an ) d ’ d m uces orbits of lengths 21,210, and 280. 
In the proof of Lemma 10 we have shown that only in the orbit of length 21 
do we have conjugates of a. So consider now an involution y E Q n Qa such 
that y(a, Z} belongs to the orbit of size 280. Then y + z and we have that 
C(y) n CM(a)/Ca((y, a)) is isomorphicwith an elementary Abeliangroup of order 
2s extended faithfully by the group U,(2), w ic is isomorphic with a Frobenius h’ h 
group of order 23 . 32 with an elementary Abelian subgroup of order 9 as the 
Frobenius kernel and a quaternion group of order 8 as the Frobenius comple- 
ment. Since all elements of order 3 in that group are of type (~a , we conclude 
that y + x. In fact by Lemmas 11 and 12(“) u we see that an &-subgroup R of 
C,(y) is elementary Abelian of order at least 9 and every nontrivial element 
of R is of the 3rd type in M. The last property also proves that R has order 9. 
Thus I C,(y)/C,(y)i = 2’. 32 with 11 < r < 14, and it is now an easy conse- 
quence of the structure of U,(2) that an S,-normalizer of C,(y)/C,(y) has 
order 23 . 32. Thus we have 1 C,(y)/Co(y)i E {211 . 32, 213 . 32}. Assume the 
latter case. As an S,-normalizer is isomorphic with U,(2), we see that 
02(CM(y)/C,(y)) has order 2la and so this group is non-Abelian. Hence 
I-J,(2) acts faithfully on both ~(02(c~w(~))lco(~))) and G2(C~(3?)ICo(y))I 
~(O~CM(YWO(YN). B ecause of the structure of U3(2), however, this is not 
possible. sow an easy order argument shows that every involution in Q - {z> 
must be conjugate with a, X, or y. So the lemma is shown. 
LEMMA 14. (i) Let i be an involution in M - Q of the 1st type. Then the 
coset iQ contains exactly 3 M-classes of involutions which are not fused in G, 
namely, 64 conjugates of x, 64 conjugates of x, and 27 . 135 conjugates of y. 
(ii) Let k be an involution in M - Q of the 3rd type. Then all involutions 
in kQ are conjugate with y. 
(iii) Let j be an involution in M - Q of the 2nd type. Then jQ contains 
precisely 2a conjugates of x, while all other involutions in jQ are conjugate with y. 
If we choosej’ N x, then C,(j*) e E,,, x ex.sp.(25). 
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Proof. Condition (i) has already been shown in Lemma 12. 
(ii) Lemma 6 together with the structure of C,,(a) proves that k has at 
least 2 .280 2g conjugates in Q,, n M and so by a simple order argument 
they are all conjugate with y. 
(iii) Again we may choose j E Q,, r\ M. In the proof of Lemma 12(i) we 
have seen that Q - C,(a) contains precisely 2 . 10,752 conjugates of s. Thus 
j(Q n QO) contains conjugates of x and so we may assume j h .v in G. As j 
inverts an element u! of order 5 of M, we have [[Q, ~],j] z; L& . Assume 
~[Q,jll 2 21°. Then j(Q n Q,J contains at least 2R conjugates of s and so 
(Q,, n lW) - (Qn n Q) contains at least 21 . 32 -1 210 .2a == 2 27.216 conju- 
gates of s. This contradiction shows [[Q, w], j] y--= [Q, j] g E,s and by the 
same order argument as the above we have that not all elements of j[Q, j] are 
conjugate with X. Thus we get Co(j) E Ez8 x ex.sp.(25) and an &-subgroup P 
of C,,o(jQ) acts on Co(j) where P = (TV , r& is elementary Abelian of order 9, 
the elements it and ~a are of the 1st type, ~~7~ is of the 2nd type, and pi%? is 
of the 3rd type. Hence by Lemma 11 we see that 7r and 72 both act fixed-point 
freely on Z(C,(j))/(z\ and so both elements ~~7~ and ~i%~ centralize a subgroup 
of order 25 of Z(C,(j)). All these points together show that P acts faithfully 
on C,(j)/Z(C,(j)) and so finally we conclude that all elements in jQ which 
are not conjugate with x must be conjugate with y. So the lemma is shown. 
COROLLARY. As every involution qf M either lies in Q or belongs to one of 
the 3 classes of cosets discussed in the previous lemma we see that the abstract 
simple group G contains precisely 3 classes of involutions with representatives Z, x, 
and y. Furthermore, acting with (a, Z) on O(C(x)), we get that this group is trivial. 
LEMMA 15. Let i be an involution of the 1st type in JL - Q with i - u” in G. 
Then C,(([Q, i], i>) is a specialgroup of order 224 with center ([Q, i], i of order 28. 
There are no conjugates of z in C,(([Q, i], i)) - ([Q, i], ij. The factor group 
X = N(([Q, i], i>)/C(([Q, i], i>) is isomorphic with SO-(8,2) and acts in the 
natural way on ([Q, i], ii. There are 2 nontrizrial orbits with representatizves x 
and x, where x is as described in Lemma 9. Moreover we have C,(x) 12 -V( \‘[ Q, i] , i)) 
and G(x)/C,(<[Q, i], ii) z Sp,O). 
Proof, Let i be a conjugate of z in M - Q and consider the group C,,(i) Q. 
By Lemma 14(i) we see that C’,(i) covers C,,,,(iQ). Let w be an element of 
order 5 in C,(i). So the group E = C(w) n (Co(i), i) is elementary Abelian 
of order 16 and bv Lemma 7 we have that E contains 6 conjugates of 1; and 
9 conjugates of z: Moreover we have that N,(E) controls the fusion in E. 
We now consider the group O,(C,(E)) which is contained in .I[. -4s E n Q 
contains conjugates of x and since E is centralized by an element of order 5 of M, 
we see by Lemma 9 that O,(C,(E)) IS contained in Q * 0,(&(i)). By the structure 
of GL(7, 2) we see that O,(C,(i)) centralizes Z(C,(i)) and thus we conclude 
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that O,(C,(E)) = O,(C,(i)). H ence Z(O,(C,(E))) = (Z(Co(i)), i), which is 
acted faithfully upon by C,(i)/Co(i) z U,(2), and in addition we have i N z 
in the group N(E), w ic contains N(Z(O,(C,(E)))) = N(([Q, i], i)). Thus we h h 
have that X contains a subgroup Y which is isomorphic with an elementary 
Abelian group of order 26 extended faithfully by U,(2). Moreover we have 
that z has 1 + 54 + 64 = 119 conjugates and x has 72 + 64 = 136 conjugates 
under the action of N(([Q, i],i)). F ur th ermore we have that no involution 
in X induces a transvection on <[Q, i], i> and that X is generated by a normal 
complex of involutions of type Jr in the sense of [3] and so again by [3] we see 
that X is isomorphic with SO-(& 2) an d ac s in the natural way on ([Q, i], i). t 
Thus we also have C,(x) s @a(2), and it follows easily that X acts irreducibly 
on the group C(([Q, i], i))/([Q, i], i>, which therefore is elementary Abelian of 
order 2t6 and so by Lemma 14(iii) there are no conjugates of x in 
C,(([Q, i], i)) - ([Q, i], i). We still have to show that C(x) is contained in 
C,(x). Assume that t is an involution in C,(x) - [Q, i] such that t - z in C(x). 
So t E Co(x) - Co(i). Find f~ C(x) so that tf = z and Cr(t)f C T for a fixed 
&-subgroup T of C(z, x). The group C,(t) contains an extraspecial group F of 
order 217 with center (z). Hence Ff n Q is elementary Abelian of order 2s. 
So we have zf E Q and Ff . C,(x)jC,( x is an elementary Abelian subgroup ) 
of order 2s of C(z, z)/Co(x) z ex.sp.(2g) . ZG and thus Ff contains an involution 
of the coset iQ from which we conclude szf E [Q, i]. The contradiction now arises 
from I C((t, a, x))ia < 2tg .2” 24 = 227 and 1 C((z, zf, x>)iz > 21g . 2” =z 228. 
Thus we have shown that every involution t in T which is conjugate with z in 
C(x) either lies in ([Q, i], i) or t = t . C,(([Q, i], i)) corresponds with a non- 
2-central involution of Sp,(2). In the latter case t inverts an element of order 5 
of C((.rt, z))/C(([Q, i], i)), which implies that t acts as an involution of the 
2nd or 3rd type on Q and so by Lemma 14 we get t +a in G. This finally 
proves that the C(x)-conjugates of x generate an elementary Abelian subgroup 
of ([Q, i], i) and so by Shult’s lemma, a proof of which can be found in [5], 
we see that the proof of the lemma is complete. 
Remark. In the proof of Lemma 12 we have shown that Q - C,(a) contains 
precisely 2 . 10,752 conjugates of x and 2 . 512 conjugates of z. As the set 
Co(a) - ((2 n Qn) is conjugate with (M n QJ - (Q n Qa) in G, we thus see 
by Lemma 14 together with an easy order argument that Q n Q, contains 
precisely 22 .21 + 3 conjugates of a, 2’ .210 conjugates of x, and 22 .280 con- 
jugates ofy. In exactly the same way as in the corollary to Lemma 14 we conclude 
that O(C(y)) = 1. 
LEMMA 16 Let y be an involution of Q as described in Lemma 13. By the 
above remark we choose y E Q n Q,, . Then C,(y) C N,((y, a, z)) and 
G(Y)/02(G(Y)) = 4 x U,(2). Thus C(Y) is a solvable group containing C,(y) 
as a subgroup of index 3 and O,(C(y)) is a subgroup of index 2 of O,(C,,(y)). 
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Proof. Consider an &-subgroup T of C(y) which lies in C((q y)). By 
Lemma 13 we have C((z, y)) = C((x, a, y)) . C,(y). Let t E Co(y) - (a, z> 
such that t N x in C(y) and find f E C(y) such that f: t -+ z, C,(t) ---z T, and 
so zf E T. The group C,(t) contains an extraspecial group F of order 2i7 and 
center (x}. Hence Ff _C T and Z(F) = (z f>. Thus we have Q n Ff is elementary 
Abelian of order 2g and since T/C,(t) contains only one elementary ilbelian 
group E of order 2* we conclude that zf E {a, az}, for Co(E) = (y, a, z> and 
y wya wyz Nyaz. Thus we have fi C((z, y, t)) + C((z, y, a>), which is a 
subgroup of index 2 of C(z, y). This, however, is not possible. Next let t E T - Q 
such that t - x in C(y). Then according to Lemma 14, t induces an involution 
of the 1st type on Q and so Cr(t, y) contains an extraspecial group F of order 2’ 
and center (2). The structure of T/T n Q yields zf E T n Q and by what we 
have just seen zf E {a, az> and so the same contradiction as the above arises. 
Thus we either have (a) Q C(y) an so C(y) = C,(y) or (z, a} u C(y) and d 
C(y)/C(x, a, y) s Z; . As N((z, a))/C((x, a)) s 2s we can find an element 
Y E N((z, a}) such that Y: a + x ---f a. Thus r normalizes Q n Q,,, and as all 
conjugates of y in Q n Qa are already fused in Q . C&a), we conclude that 
we may choose r E C(y) and so z $ Z(C(y)). Thus the lemma is shown. 
3. ON THE ORDER OF G 
The following lemma is a well known extension of Thompson’s order formula 
to a group with 3 classes of involutions and therefore it is stated here without 
proof. 
LEMMA 17. We ham 1 G / = a(~~ , x1) . / C(x)i + b(x, , x1) . i C(z)1 + 
4% > 4 . I cc41 . I W)l/l C(Y)11 where a(xl , x1) denotes the number of pairs 
(x1 , xl) with zI N z and x, N x such that z E (x1 . xl) and b(z, , x1) denotes 
the number of pairs (.zl , x,) with zI N z and x, N x such that x E (zl . xl) and 
c(xI , x1) denotes the number of pairs (zl , x1) with z1 N z and x1 N x such that 
Y E (3 . Xl>. 
LEMMA 18. We have a(zl , x1) < 2 . log. 
Proof. By Lemmas 2 and 9 we have that Q contains 1783 conjugates of x 
and 49,896 conjugates of x. By Lemma 14 we see that M - Q contains precisely 
26.32.7.11 =44,352 conjugates of z and 44,352m+28.2.34.5.7.11 = 
16,011,072 conjugates of X. We now exclude several pairs (ai , xi) out of all 
possible pairs. So first consider pairs (zr , x1) such that both zL and xi are 
contained in Q. In order to have z E (zi x1) we clearly must have o(xlxl) = 4 
and so xi and xi must be noncommuting involutions in Q. Thus by what we 
have shown in the proof of Lemma 12(i) we get 1782 .2 . 10,752 = 38,320,128 
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pairs where both x1 and xr lie in Q. Furthermore we do not have to count 
pairs (.zr , x1) where either a1 E Q and x1 E M - Q or z1 E M - Q and x1 E Q. 
This depends on Lemma 14, where we have shown that no conjugate t of x or 
.a with t E M - Q has the property t - tx in G. So finally we consider the pairs 
@I9 1 x ) with .zl and xr both lying in M - Q. Let (a, b) be such a pair with the 
property 4 j o(ab). Then we have (ab)” = z where n is an even number and so 
b(ab)“” = bz which again contradicts Lemma 14. Hence we have that abQ 
has odd order in M/Q which means aQ N bQ in M/Q. This yields that we 
have to consider only 44,352 conjugates of x and again for each zr in considera- 
tion, 32 . 5 . 26 = 2880 out of these yield 2 1 o(zrxrQ) which can be seen from [9]. 
Thus we have at most another 44,352 . (44,352 - 2880) < 1900 . lo6 pairs, 
which finally proves the lemma. 
In the following lemmas we take a closer look at C(X) and since 
c(x)/02(c(x)) s @6c2) we refer freely to and use the same notation as [ll]; 
especially we call an involution i in C(X) - O,(C(x)) of type I, II, III, or IV 
if i . O,(C(x)) lies in the conjugacy class of v1 , rrra , c(, or 01’, respectively. 
LEMMA 19. Let i be an involution in C(x) - O,(C(x)) with i N x in G. 
Then i is of type II OT III. 
Proof. Assume that i is of type I or IV and without loss of generality we 
take i E M - O,(C(x)) such that i . O,(C(x)) corresponds with n;ri or ,rr;,;l 
of [ll]. Then i inverts an element w E M n C(X) of order 5. Hence i is of the 
2nd or 3rd type on Q which, however, contradicts Lemma 14. So the assertion 
follows. 
LEMMA 20. We have zc n O,(C(x)) C Z(O,(C(x))). 
Proof. Letf NZ and assumef E O,(C(x)) - Z(O,(C(x))). Then by Lemma 14 
we have f E (O,(C(x)) n Q) . Z(O,(C(x))) contradicting the fact that 
N(Z(O,(C(x)))) acts irreducibly on O,(C(x)/Z(O,(C(x))). So the lemma is shown. 
LEMMA 21. There is an involution t in C(x) - O,(C(x)) with t N z. For 
every such involution we have that t is of type II and t . Z(O,(C(x))) contains 
precisely-4 conjugates of z. If x - xl E Z(O,(C(x))), then t + txI in G. We have 
exactly 20,160 conjugates of z in C(x) - O,(C(x)) and 119 conjugates of z in 
wcw 
Proof. Let i be as in Lemma 15 so that (M n N(([Q, i], i)))/C(([Q, i], i)) 
is isomorphic with a faithful extension of an elementary Abelian group E of 
order 26 by U,(2). Then the nontrivial orbits induced on E have length 27 
and 36. Let t N z and by Lemma 19 we may assume t E Q - Co(i). Clearly 
the number of conjugates of t in t Co(i) is a multiple of 2 . 25 and so it easily 
follows that the 2 . 864 = 27 . 2 . 25 conjugates of z in Q - Co(i) lie in the 
48d53b12 
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cosets belonging to the orbit of length 27 of E. Thus from the action of U,(2) 
on Q/C,(;) and of (M n C(x))/O,(M n C(x)) e Z6 on C,(x)/C,(i), it follows 
that there are precisely 15 cosets in C,(x)/C,( ‘) z such that each of them contains 
exactly 2 . 25 conjugates of z. Moreover we get that t . Z(O,(C(x))) contains 
precisely 4 conjugates of x which generate a group U of order 8 and by the 
action of M n N([Q, i]) on [Q, ;I/( zi we see that all 7 involutions of Li’ are 
conjugate with x. Thus we have shown t + tx, , where x -x1 E ([Q, i], z’>. 
Furthermore we have that C(x) - O,(C(x)) contains precisely 26 . 3a 5 . 7 = 
20,160 conjugates of z and by Lemma 15 we see that O,(C(x)) contains 119 con- 
jugates of z. Thus the lemma is shown. 
LEMMA 22. The number b(z, , x1) is less than 61,485 . 106. 
Proof. Let X- z, E N(Z(O,(C(x)))) - O,(C(x)) and 3~’ - x1 E N(Z(O,(C(x)))) - 
O,(C(x)) such that e E (x1 . xl> where x - e E Z(O,(C(x))). If 4 j o(z&, then 
(.+Q = e, where n is an even number and so ~pl”l)~‘~ = .q . e which contra- 
dicts Lemma 21. Thus we have zr . O,(C(x)) -x1 . O,(C(x)). By what we 
have seen in the proof of Lemma 21 together with Lemma 15 we conclude that 
z, O,(C(x)) is a 2-central involution of N(Z(O,(C(x))))/O,(C(x)) s SO-(& 2). 
Let i be a 2-central involution in SO-(& 2). It can easily be seen that C(i) 
induces 5 orbits on the 1071 conjugates of i of lengths 1, 30, 48, 480, and 512. 
Moreover we see that SO-@, 2) contains precisely 512 conjugates of i such 
that the product with i is a nontrivial element of odd order (in fact the order 
is 3). By the preceding lemma we see that N(Z(O,(C(x)))) - O,(C(x)) contains 
precisely 26 . 3’ 7 . 17 = 68,544 conjugates of x. Now let z - x1 E 
N(Z(O,(C(x)))) - O,(C(x)) be a fixed involution. If x - x1 E N(Z(O,(C(x)))) - 
O,(C(x)) such that x we E (xr~i), then by what we have shown above 
xl E .q . 02(C(x)) or x1 . Oa(C(s)) is one of the 512 involutions described above. 
If x1 E x,(O,(C(x))), then by Lemma 21 we have at most 136 pairs. If 
x1 $ x,O,(C(x)), then o(zrxr) = 6. Let 0 be an element of order 3 in (zr.Q. 
Then by the structure of SO-@, 2), we have that 0 is centralized by an element 
w of order 5 of N(Z(O,(C(x)))). From the facts that u’ acts fixed-point freely on 
O,(C(x))/Z(O,(C(x))) and that 0 has a conjugate in N(Z(O,(C(X)))) n M we 
get by Lemma 11 that u centralizes precisely a subgroup of order 28 of 
O,(C(x))/Z(O,(C(x))) and a subgroup of order 16 of Z(O,(C(x))). Let x,fbe a con- 
jugate of x1 such thatfE O,(C(x)) andf . Z(O,(C(x))) $ [O,(C(X))/Z(O,(C(X))), 01, 
then (x1 . .qf)” == G~u&$ ==fUzfOf, w K h’ h is not contained in Z(O,(C(x))) by our 
choice of f. Clearly [Z(O,(C(x))), u] z E,6 and Z(O,(C(x))) n C(o) contains 
precisely 10 conjugates of X. Let qf be a conjugate of x1 such that 
f E z(O,(CW) - [WA(W)), 01, thenf =h .fi withf, E LWAdCG4h 01 and 
fi E Z(O,(C(x))) n C(O) and so we get (zr . qf)” = f2. Thus we have at most 
68,544 + 68,544 . 512 .24 . (22 + IO)/136 = 57,871,296 pairs (zi , zcr) with 
x E (zrxr) and {xr , xl> i_c C(X) - O,(C(x)). 
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Next assume that there is a conjugate f of x in (M r\ C(x)) - O,(C(x)) 
of type IV. Then f inverts an element of order 5 of C(x) and so 
l[f, O,(C(x))/Z(O,(C(x)))]~ = 28. By Lemmas 14 and 19 we see that the conju- 
gates of x in f. Q generate an elementary Abelian group of order 2r”. Now 
choose f so that f. Q corresponds with 01’ of [l l] and according to Lemma 21 
choose x N t E C(x) - O,(C(x)) such that t . O,(C(x)) corresponds with 0101’ 
of [II]. Thus we see [t, O,(C(x))/O,(C(x)) n Q] g E,, and so by [9] we get 
t + a. This contradiction proves that conjugates of x in C(x) - O,(C(x)) are 
of type 1, II, or III. Let x -xi E C(x) - O,(C(x)). If xi is of type I, then x, 
inverts an element of order 5 of C(x). Since [x1 , Z(O,(C(x)))] is a 4-group, we 
thus have x 6 [x1, Z(O,(C(x)))]. If x1 is of type II, then consider & . O,(C(x)) 
where x1 - 6, in C(x) and zr . O,(C(x)) corresponds with rlva of [ll]. Then 
9 7 1 C(x) n C(gl , x)1 and so the 4-group [xi , Z(O,(C(x)))] only contains 
conjugates of a. Let z - zr E O,(C(x)) and x - xL E C(x) - O,(C(x)) with 
x E (a1 . x1>, which is equivalent with z”. = zIx. Then aI E Z(O?(C(x))) and 
by what we have just shown x1 is of type III. As Z(O,(C(x))) is an orthogonal 
space of (-)-type, we thus conclude that there are precisely 56 conjugates of z 
in Z(O,(C(x))) such that their product with x is still conjugate with z. Thus 
by Lemma 14 and [II] we see that there are at most 24 . 27 . 32 . 7 conjugates 
of x of type III in C(x) - O,(C(x)) and for x, E Q we have that whenever 
x~. = .aIx then there is another conjugate z1 of z in Z(O,(C(x))) such that 
5:“. = zlx.a. So there are at most 24 . 27 . 32 .7 .28 = 3,612,672 pairs (a1 , x1) 
as described above. If we have a pair (x1 , x1) with zr E C(x) - O,(C(x)) and 
~1 E 02(@4) - Z(O,(W>>> h t en clearly 4 j o(zrxr) and so by Lemma 21 we 
see x $ (x1x1). If z1 E C(x) - O,(C( x )) an x1 E Z(O,(C(x))), then by Lemma 21 d 
we see that xi is of type II and by what we have shown above we get 
x $ [zr , Z(O,(C(x)))] and so x # (zrxi). Finally if (a1 , xi} C O,(C(x)), then 
by Lemma 20 we have [x 1 , zr] = 1 and so we get at most another 119 pairs 
which completes the proof of the lemma. 
LEMMA 23. The number c(zl , xl) is not greater than 84. 
Proof. By Lemma 16 we see Q n Qa u C(y). Consider a pair (x1 , x1) with 
z - X, E C(y) - Q n Qn and x - x1 E C(y) such that y E (%rxJ. As in 
Lemma 18 we see 4 { o(zIxl) and so by the structure of C(y) we have 
o(zrxr) E f2, 6). If o(zIxl) = 2, then x, = zry. Since z1 $ Q or x1 # Qa we get 
a contradiction by Lemmas 14(i) and 15. If o(zlxl) = 6, then x + xi1 = x2 .y 
and we have the same contradiction. Thus for all pairs (x1, xl) we have 
a, E Q n Qa- (y, a, a>. Next consider the group Q n QJ(a, z> which is acted 
upon faithfully by L,(4) such that tie have 21 cosets consisting of conjugates 
of x, 210 cosets consisting of conjugates of x, and 280 cosets consisting of 
conjugates of y. Call them x-, x-, or y-cosets respectively. An element of order 3 
of L,(4) centralizes a subgroup U of order 8 in Q n &/(a, a>. Clearly an 
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&-subgroup of L,(4) normalizes U and so U+ consists of 3 z-cosets, 3 .x-cosets, 
and 1 y-coset. As an $-group of (Q n Q,J( a, z>) ‘L,(4) has cyclic center of 
order 2, we thus get that the stabilizer of a a-coset either acts transitively on 
the remaining 20 s-cosets or induces 2 orbits of length 10. In both cases it 
follows easily that the product of 2 z-cosets is either a z-coset or an x-coset. 
This proves that we have to consider only pairs (aI , N,) with z N z1 E Q n Qa - 
(y, a, x> and x N .ri such that y m== zi . xi . Thus the lemma follows. 
The next lemma is a direct consequence of Lemmas 17, 18, 22, and 23 and 
is therefore stated without explicit proof. 
LEMMA 24. The order of G is equal to 2”‘j . 36 . 5 7 11 Y where Y denotes 
the number of conjugates of z in G and we have r < 64,05 ’ 106. 
LEMMA 25. Let P be an &-subgroup of G. Then j P I = 52 and 1 N(P)/P 1 = 
25 . 32. 
Proof. By the structure of M and C(X) we see that G possesses exactly one 
class of elements of order 5 centralizing an involution. Let w be a representative 
of that class. By 52 r C(x)i and 52 r ’ C(z)1 together with Lemma 7, we conclude 
that C(w) s (w> x A,. Let PI == (w) x (wr) be an &-subgroup of C(w) 
where wr E C(w)‘. Then C(P,) E Zj x 2, x 2, and X = N(P,)/C(P,) contains 
a subgroup U such that U e 2, x Z, . Assume 5 I ~ X /. The group U induces 
3 orbits on PI+ of lengths 4, 4, and 16. The contradiction now arises from the 
fact that the elements belonging to the orbits of length 4 are centralized by an 
involution. Thus we have that PI = P is an S,-subgroup of G. Furthermore 
we have w N w1 and since N(P) controls fusion in P the assertion now easily 
follows. 
LEMMA 26. Let K be an &,-subgroup of G. Then 1 K / = 1 I and I N(K)/K I = 
2.3.5. 
Proof. Let k be an element of order 11 of C(x). Then clearly (z) is an 
Sa-subgroup of C(k). Thus C(k) has a normal 2-complement N such that x acts 
invertingly on N/(k). Assume that (k) is not an &,-subgroup of G. Then z 
inverts an element 1 of order 11 of G. Consider now the orbits that M induces 
on the conjugates of x. Clearly one of them contains 9 and we have C,(S) = 
C(z, 9) < C(1). Thus 9 would have at least 235 conjugates which contradicts 
Lemma 24. Thus K = (A) and according to Lemma 12(ii) we see that C(K) 
contains a subgroup lJ isomorphic with Z; such that an element u of order 3 
of U is conjugate with (~a of Lemma 12. As N/(k) is Abelian, we see that N/K 
contains a subgroup NJK of index 3 not containing UK/K such that every 
nontrivial element of U acts fixed-point-free on NJK. The structure of 
Frobenius groups thus yields C(K) z Z,, x Za . Clearly 5 1 / N(K)/C(K)!. 
If K were inverted by an involution t then t would centralize an element of 
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order 5 and thus t - z or t - x and in either case we get a contradiction when 
counting the C(t)-conjugates of tk. So the lemma is shown. 
LEMMA 27. Let o3 be an element of order 3 as described in Lemma 11. Then 
C,(u,) 2% <%> x D*(2) . 3. 
Proof. By Lemma 11 we have that C(a,) controls the fusion of the conjugates 
of z in C(uJ. Acting with (a, zj on O(C(a,)) we see that a minimal normal 
subgroup ‘% of C(ua)/(ua) has even order. Thus $% contains z and so a E %. 
We have C,(U,) g (u,) x ex.sp(2g) . za 1 Za . Let P be an &-subgroup of 
CM(aa) and assume P does not act irreducibly on Co(ua)/(zj. As P’ N (q) 
we have [Co(aJ, P’] s Qs * Qs * Qs and C(P’) n Co(uJ s Qs . The group P’ 
is inverted by an involution t of the 3rd type of ICI and so by Lemma 6, t induces 
an outer automorphism on C(P’) n Co(ua). An &-subgroup of C,M(ua)/CO(ua) 
contains precisely 1 conjugate of the 3rd type, 3 conjugates of the 2nd type, 
and 3 conjugates of the 1st type of M. Thus an involution of the 2nd or the 
1st type of M induces an outer automorphism on a quaternion subgroup of 
order 8 in Q which contradicts Lemma 14. We have shown that C&u,) acts 
irreducibly on Co(ua)/(x). The main results of [8, 151 now complete the proof 
of the lemma. 
LEMMA 28. Let L be an &-subgroup of G. Then 1 L i = 72 and N(L)! E 
(2 ’ 32 . 72,23 . 32 . 72:. 
Proof. The corollary to Lemma 6 together with Lemma 15 yields that G 
contains precisely 2 classes of subgroups of order 7 which centralize an involu- 
tion. Let pi be an element of order 7 of M. Then by Lemma 3 we have C&i) e 
D, is an S,-subgroup of C(pr) and by L emmas 9 and 13 we see that all involu- 
tions in C(,,) are C(p,)-conjugates of z. The centralizers of those involutions 
are dihedral groups of order 8. From 7 / ! C(pl)/(pi>’ w-e thus conclude by [6] 
that C(,,) g (pt} x L,(2) and N((pJ)/C((p,)) g Z, . Let L, == (pii x (pa) be 
an &-subgroup of C(pi) such that pa E C(pi)‘. Then S = N((pi)) n N(L,)/L, g 
2, x Z, x Z, and by Lemma 14 all involutions of N((pJ) n N(L,) are conju- 
gate withy. Clearly X induces 4 orbits on L,# of lengths 6, 6, 18, and 18. Assume 
73]]G].Then1N(L1)/L11=2.3a.7 and so N(L,) has a non-Abelian normal 
&subgroup such that an involution inverts every nontrivial element of it. 
This contradiction proves that L, = L is an &-subgroup of G. Let p be an 
element of order 7 of C(X). Then C(p) n C(x) = (p> x C, where U is a 2-group 
such that all involutions in C are C(p)-conjugates of X. A.s an element of order 5 
of C(x) acts fixed-point freely on O,(C(x))/Z(O,(C(x))), we conclude that 
1 l/,1 <2’. 2’ = 2”. Clearly U contains a 4-group, as can be seen from the 
action of p on Z(O,(C(x))). In the proof of Lemma 25 we have shown that G 
contains an element p” of order 7 such rhat p centralizes a dihedral group of 
order 10 and so p” mp in G. Thus 5 7 ’ : C(,)i(p>’ and so a minimal normal 
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subgroup % of C(,)/(,> is a simple CIT-group in the sense of [12]. Hence 
Y16~ L,(4) and so we conclude C(p) .g (p} x L,(4). Moreover we get p N pr 
and so finally the assertion : N(L,)/L, E (2 . 3”, 23 . 3”) follows. 
LEMMA 29. The order of G is divisible by 3”. 
PTOOf. Assume 3’ 7 G . Let P be an &-subgroup of G and we may assume 
P_C C(u,) n C(U,). Then Z(P) == (IJ*> x (o} = (a,) x (u} where (ui = 
Z(P) n P’ and by Lemmas 12 and 27 we see that Z(P) contains precisely 
2 conjugates of nr and 0 and 4 conjugates of U~(S and on the other hand Z(P) 
contains 2 conjugates of ~a and 0 and 4 conjugates of +(T. This contradiction 
shows 3s ~ G . By the structure of U,(2) we have that C(uJ contains exactly 
one class of elementary Abelian subgroups E of order 3a. Moreover the group 
N((u,>) n :V(E)/E has order 2 5 . 3’ . 5 and induces 7 orbits on E# of lengths 2, 
20, 30, 30, 40, 60, and 60. As the number of conjugates of g2 in E is divisible 
by 3, we thus get that 0” has 72 or 132 or 162 or 192 conjugates in N(E). As 
every element of order 3 that centralizes g2 has a C(a,)-conjugate in E, we get 
that E also contains conjugates of era . If u2 has 132 conjugates in N(E), then 
‘N(E)/El =26~38~5~Ilandsoaconjugateofa,inEhasatleast3~5~11 = 
165 conjugates in N(E), which contradicts I E I = 243. In the same way the 
number 162 can be excluded. Finally, 192 is not possible because no elementary 
Abelian subgroup of order 3” of D,(2) 3 . is acted upon faithfully by a 2-group 
of order 2”. This proves the lemma. 
LEMM.~ 30. We have G ~ = 2 aG~3g~52~72~ll~17~r~ithr<3986and 
Y r 137 (770) if a &-normalizer has order 2 . 3” . 72 OY r ~= 247 (770) if a 
S,-normalizer has order 23 . 32 7?. 
Proof. This follows directly from Lemmas 15, 25, 26, 28, and 29. 
COROLLARY. The preceding lemma yields that G ~ can only be among the 
follozoilzg 10 numbers. 
(i) 23fi f 3” . 5” . 7” . 11 . 17 137; 
(ii) 236 3” . 5’ . 72 . 11 17 907; 
(iii) 236 . 310 . 5" 72 11 17 13 .43; 
(iv) 2”fi.3s.5”.72.11 .17.2447; 
(I-) 2R6 . 3" . 52 7? 11 17 . 3217; 
(vi) 2"". 39 52 .79 . 11 . 17 13 . 19; 
(vii) 2% .311. 5' .7". 11 . 17. 113; 
(viii) 2”6 . 3y . Y . 7” . 11 17 . 1787; 
(ix) 2’” . 3” 52 72 . 11 . 17 2557; 
(x) 23”.310.52.72.11 .17.1109. 
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Let P be an S,-subgroup of G such that no element of P+ is centralized by an 
involution. If i is an involution acting nontrivially on P then i by in G. This 
follows from the fact that i has more than 52 . 10Q conjugates in that case. Note 
that C(y) does not contain elements of order 9 and that G contains a subgroup U 
of order 9 such that every nontrivial element of U is conjugate with Ok as can be 
seen from Lemma 13. Hence if we are in case (x), then for a S,,,,-subgroup P 
of G we have that 1 N(P)/ is an even number dividing 2 . 3” . 7b . 17~ . 1109 or 
2e 3” . 17b . 1109 where 0 < a < 8 and b, c E (0, l}. Applying Sylow’s theorems 
n>e thus see that case (x) is not possible. The same kind of contradiction arises also 
in cases (ix), (viii), (v), (iv), and (ii). If we are in case (vii), then let P be a S,I,- 
subgroup of G. By Sylow’s theorem we get / N(P)/ = 4 / C(P)/ and 1 C(P)~ E 
(33 . 17 . 113, 38 . 113). If j C(P)1 = 3”. 17 * 113, then we get a contradiction 
from the S,,-normalizer. If : C(P)1 = 38 . 113, then let R be a &-subgroup of 
C(P). Clearly C(R) is a solvable group and as 3 1 j N(R)/R : we thus get the 
contradiction 3’ / 1 C(P)1 by aFrattini argument. If we are in case (iii), then consider 
a S,,-subgroup P of G. Itfollows that 1 C(P); = 3 . 13 17 ‘43 and N(P)/C(P) z 
2, or i C(P)! = 32 . 13 . 17.43 and 1 N(P)/C(P)l = 2. In both cases we get 
a contradiction when computing an S,,-normalizer, Thus only (i) and (vi) are left. 
LEMVILIA 3 1. The group G is isomorphic with 2E,(2). 
Proof. \Ve now consider the orbits induced by the action of n/I on the 
conjugates of z. Clearly z belongs to an orbit with just one member. By Lemma 2 
we see that a belongs to an orbit with 1782 members. Clearly the set Q - Co(a) 
contains a conjugate say b of z. Let f E G such that f: a --f z, b + 5. Then 
o(z 2) = 4 and z N (.zZ)~. Moreover we have the group C,(Z) N C(a) n C(b), 
which has order 21Q . I L,(4):, as we have shown in the proof of Lemma 7. 
Thus z belongs to an orbit with 22 . 2Q . 34 . 11 = 1,824,768 members. In 
Lemma 14 we have ‘seen that M - Q contains a conjugate say t of z such 
j CM(t)! = 215 . 215 . 34 . 5 and so t has 2’j . 3’ . 7 . 11 == 44,352 conjugates 
under the action of M. Finally the structure of U,(2) yields that t inverts an 
element cr of order 3 of M such that u N (TV. Thus we have that G contains 
a conjugate i of z such that i . z is a conjugate of a2 . Hence C,(i) C C(u,) and 
so by Lemma 12(ii) we get that i has at least 2 21 = 2,097,152 conjugates under 
the action of M. Thus we have already found 5 different M-orbits in zG with, 
altogether, 3,968,055 = 33 . 5 7 13 . 17 * 19 members. This proves that we 
are in case (vi) of the preceding corollary. Jioreover we have shown that G is 
a rank 5 extension of M and a product of any 2 conjugates of z has order 1,2, 3, 
or 4 and if the order is 4 then the square of that element is again conjugate 
with z. =Z direct application of the main result of [13] thus completes the proof 
of the lemma. 
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